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Abstract–A Monte Carlo elastic scattering method for protons has been developed for ap-
plication to proton radiography at high energies. The method uses a processed data library
derived from optical model calculations for 22 nuclei 2 ≤ A ≤ 242 and 47 lab momenta over
the range 1 GeV/c ≤ Plab ≤ 50 GeV/c. The proton-nucleus elastic differential cross sections
were calculated in the framework of eikonal theory. At the present stage, we have only used
the first-order optical potential which is a convolution between the proton-nucleon scatter-
ing amplitudes (fpp, fpn) and the nuclear matter density. Without any free parameter, the
calculated differential cross sections describe well the existing data, indicating that effects
of higher-order optical potential can be expected to be small. For each mass and energy in
the data library, the original cross section calculations are represented as a sampling dis-
tribution for the dimensionless variable X where X = q/q1 = 2p sin(θ/2)/q1 for center of
mass momentum p, momentum transfer q and scattering angle θ. The variable q1 is the
momentum transfer at the first diffraction minimum. The method accurately reproduces the
original optical model calculations over a range of 107 in cross section. The representation,
which separates the sampling distribution for X from the mass and energy dependence of
the scattering cross section and q1, provides good interpolation properties over intermediate
masses and energies.

I. INTRODUCTION

A Monte Carlo elastic scattering method for pro-
tons has been developed for application to proton
radiography1 at high energies. It addresses one pro-
cess leading to small-angle dispersion of a high-energy
proton beam, coherent elastic scattering from a nucleus
(multiple Coulomb scattering and incoherent pseudoe-
lastic interaction being the others.)

The method is based on a compilation of optical
model calculations for the nuclear elastic differential
cross section for protons in the center of mass frame for
22 nuclei for 2 ≤ A ≤ 242 and 47 lab momenta over the
range 1 GeV/c ≤ Plab ≤ 50 GeV/c. A formatted data

library was derived from the calculated cross sections
which provides a representation of the angular distribu-
tions as a function of momentum transfer with good in-
terpolation properties over mass and energy. Together
with the Monte Carlo sampling method developed for
use in MCNP Version 5, the representation accurately
reproduces the original optical model calculations over
a range of 107.

II. OPTICAL MODEL CALCULATIONS

The proton-nucleus elastic differential cross sections
were calculated for momentum transfers up to 0.85
GeV/c at incident proton laboratory momenta 1 to
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50 GeV/c in the framework of eikonal theory. In this
theory, the proton-nucleus phase shifts at a given im-
pact parameter are obtained from integrating the opti-
cal potential along a line perpendicular to that impact
parameter2. At the present stage, we have only used
the first-order optical potential which is a convolution
between the proton-nucleon scattering amplitudes (fpp,
fpn) and the nuclear matter density. The matter den-
sity was derived from the experimental nuclear charge
density by removing the proton charge distribution ac-
cording to the translationally invariant method3. We
also used the high-energy approximation fpp = fpn and
the high-energy parametrization of the amplitudes4,5.
Without any free parameter, the calculated differential
cross sections describe well the existing data, indicat-
ing that effects of higher-order optical potential can be
expected to be small.

In order to examine the applicability of eikonal the-
ory in light nuclear systems, the p-t and p-6Li elastic
differential cross sections given by the eikonal the-
ory were compared with those given by the Glauber
theory6. For all the energies and momentum trans-
fers considered, the differences are less than 5% for
p-t scattering and become negligible for p-6Li scatter-
ing. Because the eikonal theory reduces to the Glauber
theory when rescatterings of the projectile from the
same target nucleon are neglected, the small differ-
ences observed in our comparison reveal, therefore,
that rescattering effects are very small at high energies.
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Figure 1: Calculated differential cross section for p +12 C

at three energies.

Examples of the calculated differential cross sec-
tions from which the representation described below
is created are shown in figure 1. In this initial effort,
the contribution from nuclear-Coulomb interference has
been neglected. Proton and neutron densities are each
treated as proportional to the nuclear matter densities.
In addition, the effects of nuclear deformation are ad-
dressed only approximately. Future efforts will include

a more detailed representation for the proton and neu-
tron densities and a compilation of elastic differential
cross sections for neutrons.

III. REPRESENTATION FOR THE

ANGULAR DISTRIBUTION

For each mass and energy in the data library, the
original cross section calculations are represented as a
sampling distribution for the dimensionless variable X
where

X = q/q1 = 2p sin(θ/2)/q1 (1)

for center of mass momentum p, momentum transfer
q, scattering angle θ and q1, the momentum transfer
at the first diffraction minimum. The compiled data
library contains a tabulation for S(X) ∼ dσ/dX nor-
malized to a maximum of unity; q1 is tabulated for the
same masses and energies. The same incident energy
grid is used for each isotope and the same uniform
X-grid applies to all energies for a single isotope. At
the present time, the isotopes in the library have either
426 or 851 tabulated points, 171 points for A = 2 and 3.
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Figure 2: The tabulated function S(X) for 12C at three en-

ergies and the energy-independent probability distribution

R(X).

In addition, an energy independent histogram sam-
pling distribution R(X) is provided for each isotope
which provides an “envelope” function: R(X) ≥ S(X)
for all the energy dependent distributions of that iso-
tope. R(X) is used in the rejection method described
below. An example of the functions S(X) and R(X)
for 12C is shown in figure 2. The representation of
S(X) for 5 isotopes at incident momentum 24 GeV/c
is shown in figure 3.
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Figure 3: The tabulated function S(X) for 5 (of 22) iso-

topes at 24 GeV/c.

IV. MONTE CARLO SAMPLING

ALGORITHM

To obtain a center of mass scattering angle, a ta-
ble energy is selected by random linear interpolation
on incident particle kinetic energy energy. A trial value
for X is sampled from the energy-independent probabil-
ity distribution R(X) for the target isotope; for a tar-
get not in the tabulation, the distribution used is that
for the next heavier isotope included. For the selected
value of X, the tabulated sampling distribution S(X) is
evaluated; for a target not in the tabulation, log-log in-
terpolation of the sampling distribution on target mass
A is used between adjacent tabulated masses. The sam-
pling efficiency of the method is greater than 80%. As
may be noted from figure 3, the representation of the
data in the form S(X) greatly minimizes difficulties in
interpolating between the tabulated mass values. The
variation of S(X) with incident energy for any one mass
is well described with the 47 point energy grid. For in-
cident proton momenta above 50 GeV/c, the tabulated
data at 50 GeV/c is used.

To complete computation of the center-of-mass scat-
tering angle, the same random selection of an energy
tabulation which is applied to obtain S(X) is also ap-
plied to obtain q1. Since 1/q1 is essentially proportional
to an “effective nuclear radius”, 1/q1 is obtained be-
tween tabulated values by linear interpolation in the
variable A1/3 (see figure 4). The center of mass scat-
tering angle θ is then evaluated by inversion of equation
1.

To facilitate testing of the methods described above,
an alternative processed data library was created con-
taining only alternate target isotopes and alternate
energies. In the example shown in figure 5, the elastic
differential cross section for protons on 93Nb at incident

kinetic energy 3.17 GeV is shown as (1) the original
calculated value, (2) as sampled from the data for 93Nb
at 3.17 GeV, and (3) as sampled by interpolation from
data for 60Ni and 133Cs at tabulated energies 2.69 GeV
and 3.66 GeV. The results are essentially indistinguish-
able within the statistics for 108 samples.
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Figure 4: Variation of 1/q1 with mass number at three

energies.
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Figure 5: The elastic cross section for protons on 93Nb at

3.17 GeV, as originally calculated and as obtained from the

sampling algorithm.

V. VALIDATION

As part of the current effort, a compilation of com-
parisons with experimental proton scattering data is
being prepared, including incident proton momenta
from 1.75 GeV/c to 175 GeV/c. Examples of the com-
parisons are shown in figures 6 and 7. In these figures,
three components are shown with the total scattering
distribution:



Figure 6: Comparison of model calculations with the data of Schiz et al.8



Figure 7: Comparison of model calculations with the data of Bellettini et al.9



1. the multiple Coulomb scattering distribution of
the uncollided beam;

2. the coherent nuclear elastic scattered component
(this work), with multiple Coulomb scattering
correction;

3. a simple model of incoherent (quasielastic) proton
scattering7.

An attempt has been made to include the experimental
angular resolution, as well as the incident beam angu-
lar and momentum spread, in the calculated results.
Note that the experimental energy cuts eliminate most
diffractive production from the data shown.

The multiple Coulomb scattering calculation is a
new formulation7 being developed for use in MCNP
Version 5 in conjunction with the nuclear elastic scat-
tering model. These comparisons show that using a
Fermi nuclear form factor (rather than a Gaussian) is
important for representing the multiple Coulomb scat-
tering at momentum transfers near the minima for
heavy nuclei.

In general, the nuclear elastic scattering representa-
tion described here provides a good overall description
of the process. In many cases, the modeling does show
deeper minima than the experimental data, even after
corrections are applied. In the low energies examined,
shifts in the location of the minima may perhaps be
attributable to the neglect of nuclear-Coulomb inter-
ference in the model.

VI. CONCLUSIONS

The Monte Carlo method described here achieves
its objective of providing a highly accurate simulation
of proton elastic scattering based on realistic optical
model calculations. It is to be hoped that the present
work will encourage the development of optical model
calculations, including compilations for other incident
particles. As additional calculated cross sections for low
energies and for neutrons become available, the method

will be provided as a general-purpose elastic scattering
module; however, it remains to be determined that the
representation is equally effective at lower energies.

Validation is only discussed briefly above; when
the nuclear elastic scattering model and the multiple
Coulomb scattering model are incorporated in MCNP,
along with modeling for the incoherent processes, direct
simulation of the experimental data will be possible.
It will be validation with respect to experiments on
macroscopic targets, where multiple Coulomb scatter-
ing obscures the details of the scattering process, that
will set the priorities for improvements in the nuclear
optical model.
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